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Abstract 

The load carried by inclined platelets bridging a crack 
is approximately calculated in the absence o f  bonding 
and friction it7 order to separate the effect o f  non- 
JJ'ictionaljammingJi'om that (~[Ji'ictional load trans['er. 
This is done hv means +~[ a simple model where the 
strain .field is essentially reduced to uniaxial com- 
pression ~?/+ certain matrix regions. The work o f  
opening the crack against the /amming jbrce provides 
a contribution to the Jfacture toughness o f  the 
composite. The estimate shows that this contribution 
may be o f  practical hTterest /or ceramics. 

Die Kra/'tiibertragung schrdgliegender Plfittchen 
heim Uherhriicken eines Risses wird ndherungsweise 
fffr den Fall nicht vorhandener Bindung und Reibung 
herechnet, um den Effekt des nicht-reibungsbedingten 
Verklemmens yon der reibungsbedingten Kra[tiiber- 
tragung abzusondern. Das wird mittels eines einfachen 
Modells erreicht, bei dem das Dejormation~[~dd im 
wesentlichen auj  einachsige Kompression gewisser 
Matrixhereiche reduziert ist. Die gegen das Verklem- 
men au/iubringende Rifl(~ffnungsarbeit li~:/'ert einen 
Beitrag -_ur Bruchzdhigkeit des Verbundes. Die 
Ahschfitzung zeigt, da[l dieser Beitrag yon prak- 
tischem Interesse fiir Keramik sein k6nnte. 

Le tranffert de charge par des plaquettes inclinOes 
pontant une [issure est calculi; approximativement, en 
l'ahsence de liaison et de frottement,  de fa fon  ?t 
dfff~;rencier l'~ffet du coincement sans frot tement  dans 
celui du tran~['ert de charge par frottement.  Ceci est 
r{alisO pat" un modOle simple oh le champ de 
contraintes est r~;duit essentiellement dune  compres- 
sion uniaxiale pour certaines rOgions de la matrice. Le 
travail d'ouverture de la fissure oppose; d la fi~rce de 
coincement contribue d un changement de la valeur de 

la t~nacit( ~. Une approximation nous montre que cette 
contribution peut ~;tre d'un intt;rt~t pratique pour les 
c¢;ramiques. 

1 Introduction 

161 

Fibres or platelets bridging a crack resist its 
propagation and thus increase the strength of the 
material. This well-known fact has become a subject 
of continual research. The wish to obtain analyt- 
ical and numerical results has produced a variety of 
composite models with parallel reinforcing ele- 
ments, although, in reality, the orientation is more or 
less random in most cases. The results show that 
with increasing load the interface between matrix 
and inclusion eventually debonds, whereupon the 
reinforcing element takes up load by friction, as 
intended. 

Sophisticated pull-out models took into account 
residual stresses, lateral contraction, changing 
friction coefficient, and other subtleties. The out- 
come of those efforts has been ambivalent. On the 
one hand, useful qualitative and quantitative 
knowledge has been gathered. On the other hand, 
reinforcing mechanisms less suitable for numerical 
approach seem to have been pushed into oblivion. 
Those which work also in the absence of bonding 
and friction are denoted here by the term non- 
frictional jamming in order to set them apart from 
frictional pull-out. Let us briefly recall them. Mode 
II and Mode III crack loading are not considered 
here, so the following is restricted to the less obvious 
but more important non-frictional effects in Mode I 
loading. 

There is the trivial case represented by fibres with 
paddle-shaped ends. Then there are the widely 
applied and less trivial cases of fibres with hooked 
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ends. They would carry load also in the absence of  
friction, no matter whether they were purely elastic, 
purely plastic, or made of  a real elastic/plastic or 
other material. 

The idea of  straight frictionless fibres carrying 
load is seldom realized by materials scientists. It is 
found implicitly formulated in literature, in the 
disguise of  energy balances: ductile inclined fibres 
bridging a crack dissipate energy in plastic deform- 
ation when the crack is opened. Consequently, there 
must be some load carried across the gap. That  
contribution was taken into account by Helfet & 
Harris. 1 However, their figure illustrating the effect 
is misleading as it suggests that one end of the fibre 
must be fixed. The non-frictional ductile term was 
also considered in connection with steel fibre 
concrete, 2 for instance. 

Perhaps the most peculiar reinforcement is that by 
non-ductile straight frictionless fibres or platelets. 
This mechanism is not so exotic in itself but has 
rather been made to seem so by decades of  frictional 
pull-out literature. Its absence in conventional pull- 
out models can be revealed by an easy test: take the 
result and put the coefficient of  friction equal to zero. 
If the result reduces to zero, non-frictional effects are 
missing. It is the subject of  this paper to draw 
attention to these effects, and to provide an estimate 
for the case of  platelets. 

A theory of  frictionless inclusions might be 
considered futile since in reality there is always some 
friction. It still makes sense, however, because the 
jamming effect is more easily and convincingly 
derived for the frictionless case. Of  course the effect 
is also there in the presence of friction where it acts in 
addition to the conventional reinforcing mechanisms. 

2 Calculat ing  the Effect 

Let us first consider the load carried by platelets 
bridging the crack. 3 There is reason to assume that 
this is not one of those particular problems whose 
solution depends strongly on dimensionality. There- 
fore a two-dimensional approach is chosen with the 
aim of obtaining the simplest quantitative descrip- 
tion of  the phenomenon. 

Imagine a platelet of  length l taken out of  the 
matrix, the matrix cut into halves, and the halves 
separated by 6 (Fig. l). This gives rise to a mismatch, 

2 u =  6 " s i n c ~  6"~ (1) 

Now the rigid platelet is thought to be jammed into 
the mismatched half cavities. Thereby, each matrix 
half gets a local displacement u at the pushed edge, 

Fig. 1. Visualizing the relation between matrix displacement, u, 
platelet tilt angle, ~, and gap width, 6. 

provided that 6 << l. The displacement is made up of 
two contributions related to the translational and 
the rotational part of  the matrix displacement field 
in the vicinity of the platelet, 

u = u, ,  + Uro , (2)  

In order to estimate the forces related to these 
displacements, an average matrix region is assigned 
to every platelet in Fig. 2. Its width is easily found as 
(1-v)d/2v,  where v is the volume fraction of  
platelets. 

The model is further simplified in Fig. 3. There is 
no inconsistency in deriving the displacement from 
Fig. 1 but the forces from Fig. 3. The shaded matrix 
areas are thought to be under uniaxial compression, 
which means that the deviations from uniaxiality 
near the boundaries of  the shaded areas are 
neglected. From Fig. 3 one can easily derive the force 

' [ : : i  

I ,: ::! 
Ii+ :i: 

[ ~ ' ,  ; .: • 

i . "  : i  d ' r !~!, - ~  

d/v 

Fig. 2. Assigning an average matrix region to the platelet. 
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Fig. 3. Compressed matrix regions related to the translational 
and rotational parts of platelet displacement. 
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(F i r )  and the moment  (M) by which the matrix half 
space and the half platelet act upon each other: 

v 12 
Ftr - 1 --  v d Eutr  (3) 

1 v / 3 

M - 12 1 --  v d Eur°t  (4) 

(The width of  the platelet perpendicular to the paper 
plane has also been taken as l, which is not really a 
deviat ion from the two-dimensional  approach.  
E = matrix Young's modulus.) 

All the moments  acting upon the platelet are in 
equilibrium: 

1 
Ftr .~ = M (5) 

From eqns (2) to (5) follows that utr is only one fourth 
of  the total displacement, 

U 3u 
lllr = 4 //rot = -g  (6) 

The normal component  of  F~r with respect to the 
crack is the load that one platelet can carry across 
the crack. With eqns (1), (3) and (6), it can be written 
as 

1 t' 6 
• - E,:t212 (7) F = Ft~ sin z~ ~ Ftr ¢¢ 8 1 - v  

By assigning an average crack area to every platelet, 
l d / v  according to Fig. 2, from eqn (7) the effective 
stress carried by the platelet of  tilt angle ¢¢ across the 
crack is obtained: 

1 t ~2 16 
- E:~ 2 d- i- (8 )  o 8 1 --v 

The finite strength of  the components  limits the 
validity o feqn  (8) to values 6 below a certain 6 m. The 
work per area consumed in opening the crack from 
6 = 0 to 6 = ,5,, contributes to the effective fracture 
toughness of  the composite  material: 

C'" l U 2 16:  
~'lm = Ja= a d6 - E0~ 2 d 2  (9) 

o 16 1 - v  

(The notation 7{pl is to avoid confusion with the 
work of  fracture of  the platelets themselves.) 

For  simplicity only tl.e case of  non-breaking 
platelets and a matrix with the fracture strain eMf = 
a~ar/'E are considered here. The compressional  
matrix deformation whose relation to 6 is derived 
from eqn (1) and the configuration of  Fig. 3, 

v /~ v 2d 
= > (10) CM l _ v ~ d  for l - - v  / 

must keep below ~'Mf lest the matrix be damaged. 
From this condition follows a maximally admissible 
~5: 

(~m 1 - U  O-Mr d 
v E !x (11) 

The inequality in eqn (10) represents the condition 
that the average width of  matrix assigned to every 
platelet, d(1 - v)/2v,  should be smaller than I/4. Only 
then does eqn (10) serve as an approximation for r u. 

Incidentally, eqn (11) removes the angular de- 
pendence from eqn (9). 

1 - v . o - 2 f .  / ( 1 2 )  
"Ira= 16 E 

so there is no need for averaging with respect to the 
angle• Independence of  angle means that under the 
given conditions, differently inclined platelets con- 
tribute to fracture toughness in an equal way. 
Obviously, the validity of  this result must be limited 
since platelets with :~ = 0 certainly do not contribute. 
Platelets with ~ near zero are pulled out completely 
before they can contribute their share to eqn (12). In 
order to make sure whether eqn (12) can still serve as 
a useful approximation, the restriction of  validity 
has to be quantified. Only those platelets contribute 
fully to eqn (12) whose (5 m from eqn (11) is sufficiently 
smaller than their diameter l. 6 m < 1/4 seems to be a 
reasonable condition for this estimate. Combined 
with eqn (11) it yields a lower boundary  for ~ in the 
above sense. An upper boundary  for :¢ with a given 
volume fraction follows from the limited matrix 
space available for every platelet, as visualized in 
Fig. 2. Thus eqn (12) refers only to platelets with tilt 
angles within the bounds 

1 - VaMfd 1 -- vd  
4 ~< :~ ~ < - - - -  (13) 

v E I v l 

Since the matrix strength/modulus ratio is very 
small, the lower boundary  is also small. Therefore 
the fraction of  platelets with tilt angles below the 
lower boundary  is usually negligibly small, except 
for very narrow angular distribution. Thus, eqn (12) 
will be valid for not-too-well aligned platelets, 
otherwise it has to be modified in a way obvious 
from the above considerations. 

As another restriction, small volume fractions 
have to be excluded, according to the inequality (10). 
An effect would be there, of  course, also with small 
volume fraction, but it would not be governed by 
eqn (12). 

The platelets replace the matrix with its fracture 
toughness -~#c, therefore the amount  v-~c has to be 
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subtracted from eqn (12) in order to obtain the net 
effect of the presence of the platelets. 

A.~ c : "~'(p)- U~ c (14) 

Expressing the local matrix strength by fgc and by the 
size of microcracks, Co, 

aMf = x/fgcE/co (15) 

from eqns (12) and (14) 

1 - v l  
A f f c / ~ -  16 c o v (16) 

is obtained. This may be written as a factor by which 
the composite fracture toughness is expected to be 
higher than that of the matrix: 

(, ,)  
~c,composile = (1 - -  U) 1 -~- ~ 0 0  ~c  (17) 

In a similar way, results can be derived for other 
cases, as platelets of finite strength and stiffness. It is 
mentioned here without proof  that in those cases an 
effect of similar magnitude has to be expected as 
derived here for the simple case of rigid non- 
breaking platelets. 

3 Discussion 

Obviously the results derived here are meant to be 
rough estimates. There are several uncertainties 
involved. One of them is in the value of matrix 
strength to be inserted into eqn (12). The macro- 
scopic strength is generally too low for this purpose, 
since it is governed by the largest flaws. An 
appropriate value would be the matrix strength 
within the small regions between the platelets. This 
local strength is usually not known but may be 
estimated from measured quantities. 

The matrix between the platelets is subjected to 
uniaxial compression in this approach. The simplif- 
ication is justified when estimating the force carried 
by the platelet. It would not be justified, however, to 
take a local compression strength for aMr in eqn (12) 
because the stress is not uniaxial in the vicinity of the 
platelet, with tensile components being always 
present. That tensile stress may cause damage 
starting from microcracks of size co. By choosing the 
representations (16) or (17) instead of eqn (12), the 
uncertainty of aMf is replaced by the uncertainty of 
Co. This is not a peculiarity of the present model but 
the usual uncertainty inherent in brittle fracture 
mechanics. 

With due reservations concerning the quantitative 
aspect of the results, the following can be stated: 

Platelets or straight fibres are able to carry load 

also in the absence of bonding and friction. This 
non-frictional jamming has apparently been 
largely ignored. In the case of platelets, and within 
certain bounds, it depends weakly on volume 
fraction and is independent of orientation and 
thickness, to a first approximation. 

There is another problem which tends to be 
neglected in discussing fracture toughness. The 
elastic energy released by breaking inclusions or 
matrix microcracks is often regarded as dissipated 
energy contributing to fracture toughness. This is not 
necessarily so. The surplus energy released in 
unstable cracking of a component  moves about the 
sample as elastic waves, which may initiate more 
local cracking and further the propagation of the 
main crack. This undesirable mechanism has not 
been considered here. It is believed to somewhat but 
not essentially reduce the toughening effect described 
here. 

Finally the result derived in this paper is 
illustrated by the following example. For reinforce- 
ment of ceramics, platelets with l / d ~  10 seem to be 
suitable for practical reasonsff With this number, the 
inequality (10) required v >0.17 as a condition for 
the validity of the present model. With an assumed 
local matrix strength aMf = E/200 and v = 0"25, eqn 
(13) provides the information that platelets with tilt 
angles less than 0-35 ° do not fully contribute, and 
that there is room for angles up to 17 ° . So the 
number of platelets with c~ < 0"35 ° and their reduced 
contribution may be neglected (except for the 
particular case of neatly aligned platelets, which 
would require a modification of eqn (12)). With an 
assumed modulus of the matrix of 400 GPa and with 
100/~m platelets, the contribution of the platelets to 
the work of fracture follows from eqn (12) as 7~PI = 
0"5 N/cm. This is in the order of magnitude of the 
fracture toughness of sintered alumina, for instance, 
so that there is a positive net effect in that case, 
according to eqn (14). 

The numerical result is to show that with 
reasonable assumptions about the components the 
effect comes out neither unreasonably high nor 
negligibly small, which is a necessary condition for 
the usefulness of this approach. 

Of course, the result can be of practical relevance 
only if the platelets are incorporated into the matrix 
without creating large additional defects. 
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